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In Standard Model, CP violation arises from an irreducible complex phase in the quark
mixing matrix, now under the name Cabibbo-Kobayashi-Maskawa matrix. This descrip-
tion has shown remarkably overall agreement with various experimental measurements.
In this review, we discuss recent experimental data and theoretical developments on three
quantities of CKM matrix that are most uncertain: the Vub, including its magnitude and
the phase γ in standard parametrization, and the Bs − B¯s mixing phase βs.
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21. Introduction
In the Standard Model (SM) of particle physics the three observed generations
of quarks show a remarkable feature that their weakly interacting eigenstates do
not coincide with their mass eigenstates. This “misalignment” gives rise to flavor
changing transitions that can be represented by a 3 × 3 mixing matrix. The mix-
ing scheme was formulated first by Cabibbo1 for two generations, and extended
later to three generations by Kobayashi and Maskawa,2 now referred to as the
Cabibbo-Kobayashi-Maskawa (CKM) matrix. In this unitary 3× 3 matrix, there is
an irreducible complex phase, which can give rise to a difference in the decays of a
particle and its antiparticle, namely CP violation.
In the SM, all flavour-changing interactions of quarks, from the lowest energies
(such as nuclear transitions and pion decays) to the highest energies that can be
reached at high energy accelerators for instance the Large Hadron Collider (LHC),
are described by four parameters of the CKM matrix, which makes it a remarkably
predictive paradigm. However new physics (NP) degrees of freedom are generally
believed to exist at the TeV scale or not too much higher, and may show patterns
deviating from the CKM mechanism. Thus a precise determination of CKM param-
eters is not only useful for the test of SM but can also serve as an indirect probes
for the NP.
The CKM matrix1,2 describes the mixing between the three families of quarks.
Thereby it is a 3× 3 unitary matrix, and can be parametrized in terms of four real
parameters. For example, in Wolfenstein parametrisation3 it can be expressed as
VCKM =
(Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb
)
=
 1− λ
2
2 λ Aλ
3(ρ− iη)
−λ 1− λ22 Aλ2
Aλ3(1− ρ− iη) −Aλ2 1
+O (λ4) , (1)
where the expansion parameter λ is the sine of the Cabibbo angle. The diagonal
elements are of unity, but an empirical relation exists for the off-diagonal elements a:
|Vij | ∼ λmax(i,j)+|i−j|−2, (2)
where i, j is the family index. With four independent parameters, a 3 × 3 unitary
matrix cannot be forced to be real-valued, and hence CP violation arises as a
consequence of the fact that the couplings for quarks and antiquarks have different
phases, i.e. VCKM 6= V ∗CKM. In the SM, all CP violation in the quark sector indeed
arises from this fact, which is encoded in the Wolfenstein parameter η.
In this review, we will concentrate on three quantities in the CKM matrix:
the |Vub|, the phase γ, and βs, whose determinations are most uncertain nowadays
aDue to the smallness of |Vub|, it has been proposed for instance in Ref.4 that the Vub ∼ λ4. I
thank Prof. Zhi-Zhong Xing for an interesting discussion on this relation.
3but have been greatly improved in the past a few years. Most precise results on
the |Vub| arise from exclusive and inclusive semi-leptonic b→ u decays, and see for
instance Ref.5–9 for recent reviews. These determinations rely on different theoretical
calculations and on different experimental measurements which very likely have
uncorrelated statistical and systematic uncertainties. The independence in these
determinations from inclusive and exclusive decays makes the comparison of |Vub|
a powerful test of the CKM mechanism.
The unitarity constraints on the CKM matrix can be represented as triangles
in the complex plane: the lengths of whose sides are the moduli of CKM matrix
element products, while the angles are constructed from the relative phases. For
instance the orthogonality
VudV
∗
ub + VcdV
∗
cb + VtdV
∗
tb = 0, (3)
form the commonly-studied (bd) unitarity triangle as shown in Fig. 1. The current
global fitting results on this triangle by the CKMfitter,10 and UTfit Group,11 and
in the scan method12 can be summarised in Fig. 2.
The three angles (α, β, γ) as shown in Fig. 1 satisfy the constraint, α+ β + γ =
180◦, that can be tested via experimental measurements. The world averages from
Particle Data Group (PDG) in 2012 are given as9
α = (89.0+4.4−4.2)
◦, PDG2012 (4)
γ = (68+10−11)
◦, PDG2012 (5)
while the result
sin(2β) = (0.679± 0.020) PDG2012 (6)
has a four-fold ambiguity for the β angle. The error in γ is about 10◦.9–13 Though it is
one of the main sources of current uncertainties on the apex of the unitary triangle,
recent measurements and theoretical investigations are progressing very fast and
will be covered later in this review. With a large amount of data accumulated in
the future, the LHCb would be able to diminish the errors in γ to about 4◦ from
the B → DK until 2018, and to 1◦ after the upgrade.14 On the SuperB factories
the error can be reduced to 2◦.15,16
In contrast with the (bd) triangle, the (bs) triangle, VtbV
∗
ts+VcbV
∗
cs+VubV
∗
us = 0,
has a much smaller complex phase:
φs = (−0.036± 0.002) rad, (7)
with φs = −2βs = −2arg[−VtsV ∗tb/(VcsV ∗cb)].17 The smallness of the βs can provide
a null test of the SM, and the observation of a large non-zero value would probably
indicate a signal for NP beyond the SM. Previous data obtained by the CDF18 and
D019 collaborations, based on the angular analysis of Bs → J/ψφ, indicate much
larger values with sizeable uncertainties. This deviation from the SM value has
been treated as signals of NP but is softened by new measurements in the physics
programs at the LHC.
4Fig. 1. A sketch of the bd unitary triangle formed by VudV
∗
ub + VcdV
∗
cb + VtdV
∗
tb = 0.
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Fig. 2. Global fitting constraints on the (bd) unitary triangle from the CKMfitter Group,10 UTfit
Group,11 and the scan method.12
The rest of this review is organised as follows. Sec. 2 will discuss the extrac-
tion of the |Vub| from semi-leptonic and leptonic B decays. In this section, we will
summarise the latest results from the experimental data on various channels, and
give a look at the future prospect. At the same time, considerable focus will be
spent on the recent developments of theoretical techniques that can be applied to
multi-body semileptonic B decays like the B → pipi`ν¯`. In Sec. 3, we will review
the status on the angle γ, including the newly released experimental data and new
theoretical insights. In Sec. 4, we will discuss the recent progress in the extraction
of βs through the Bs → J/ψφ and Bs → J/ψf0(980). We conclude in Sec. 5.
2. |Vub|
As one can see from Fig. 1, the length of the side opposite the β angle is proportional
to the |Vub| and thus its determination is of great importance. However since the
|Vub| is the smallest matrix element, its determination has a limited precision:9
|Vub| =
{
(4.41± 0.15+0.15−0.17)× 10−3 inclusive
(3.23± 0.31)× 10−3 exclusive PDG2012, (8)
5where the errors are about 10%.
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Fig. 3. Decay modes that can be used to extract the |Vub|: purely leptonic (first panel), semi-
leptonic (second panel) and non-leptonic B decays (last panel).
The magnitude |Vub| can be determined from a multitude of weak B-decays
governed by the b → u transition which involve either inclusive or exclusive final
states, whose Feynman diagrams are sketched in Fig. 3. These processes exhibit
different experimental and theoretical challenges. Compared to leptonic and semi-
leptonic decay modes, non-leptonic processes receive additional complexity due to
the entanglement with the emitted hadron in final state, and thus its constraint on
the |Vub| is quite uncertain (see Ref.20 for a recent discussion).
UTfit
CKMfitter
Exclusive
Inclusive
Leptonic
2.0 2.5 3.0 3.5 4.0 4.5 5.0
2.0 2.5 3.0 3.5 4.0 4.5 5.0
Fig. 4. |Vub| (in units of 10−3) obtained from experimental data and the global fitting approach.
At the current stage, the increased precision has made manifest a tension be-
tween the values of |Vub| extracted from exclusive and inclusive semileptonic decays.
As shown in Eq. (8), the inclusive determinations mostly yield a central value larger
than 4× 10−3, while exclusive analyses produce central values below this. In Fig. 4,
we have collected the results from exclusive and inclusive processes as shown in
Eq. (8) together with the indirect fits10,11
|Vub| = (3.65± 0.13)× 10−3, UTfit, (9)
|Vub| = (3.49+0.21−0.10)× 10−3, CKMfitter, (10)
6and the value from leptonic process later shown in Eq. (21). The global fit ap-
proaches prefer to a lower |Vub| that is closer to the exclusive determination, while
the leptonic result is more consistent with the inclusive determination. Although
the tension in |Vub| is only approximately 3σ, it has already created a significant
amount of speculations about possible NP effects. See Ref.21 for a recent discussion.
2.1. Inclusive decays
By integrating the off-shell W boson out, one can obtain the effective Hamiltonian
for the b→ u`−ν¯` transition
Heff = GF√
2
Vubu¯γµ(1− γ5)b¯`γµ(1− γ5)ν` + h.c., (11)
with the Fermi constant GF .
In inclusive decays B → Xu`ν¯`, Xu refers to the sum of all possible final states.
The theoretical description of B → Xu`ν¯` decays is based on heavy quark expansion,
which has been validated in various studies. Two-loop O(α2s) corrections have also
been recently calculated, for instance, in Ref.22 Unfortunately, the total decay rate
is very difficult to measure due to the large background from the B → Xc`ν¯`.
Theoretical calculation of the partial decay rate in the region where the B →
Xc`ν¯` is suppressed requests the knowledge of an unknown non-perturbative dis-
tribution function. The explicit realisations differ significantly in the treatment of
perturbative corrections and the parameterization of non-perturbative effects.
The shape function approach23–25 is based on the introduction of shape function
that at leading order is universal, and can be constrained from the B → Xsγ. The
shape function takes care of singular terms in the theoretical spectrum; it has the
role of a momentum distribution function of the b-quark in the B meson. However,
no prediction is available for the shape function and an ansatz is needed for its
functional form. The subleading shape functions and are not process independent
and thus are difficult to constrain.
Predictions based on resummed perturbative QCD use resummed perturbation
theory to provide a perturbative calculation of the on-shell decay spectrum in the
entire phase space. It can extend the standard Sudakov resummation framework by
adding non-perturbative corrections, whose structure is determined by renormalon
resumming26 or by an effective QCD coupling.27–29
On the experimental side, efforts have been made to enlarge the experimental
range, so as to reduce the weight of the endpoint region. Latest results by Belle30
can access ∼ 90% of the B¯ → Xu`ν¯` phase space, claiming an overall uncertainty
of 7% on |Vub|. A similar portion of the phase space is also covered in recent BaBar
analysis.31
Though conceptually different, all the above approaches can lead to consistent
results when the same inputs are used, and this situation has been reviewed in
Ref.5,6 The averaged values have been given in Eq. (8).
72.2. Exclusive decays B → pi`ν¯
b
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Vub
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Fig. 5. Feynman diagrams for the B → pi`ν¯ (left panel) and B → pipi`ν¯ (second panel). Replacing
the spectator quark, one may obtain the ones for the Bs → K`ν¯ and Bs → Kpi`ν¯. The last panel
denotes two gluon contributions to B → pipi`ν¯.
Among all charmless B decays observed so far, the B → pi`ν¯`(` = e, µ) has been
considered as the most reliable exclusive channel to extract the |Vub|. Feynman
diagrams for the B → pi`ν¯ and B → pipi`ν¯ (for the convenience of later discussion)
are shown in Fig. 5. There is a steady progress in measuring the branching fractions
and q2-distribution on the experimental side.32,33 On the theoretical side, at low q2
(large recoil) QCD light-cone sum rules (LCSR) is applicable and the leading-twist
O(α2sβ0) corrections have been calculated in Ref.34 (see also Ref.35,36 for recent
LCSR update of B → pi form factors), while the perturbative QCD calculation
(pQCD) in kT factorisation
37–41 is rapidly developing.42–48 At high q2 (low recoil)
region, the Lattice QCD (LQCD) simulation has also achieved great progress.49–53
For the sake of clarification, let us consider a generic semi-leptonic decay B →
P`ν¯`, where P stands for a light pseudoscalar meson. The transition is induced by
the vector current V µ = u¯γµb and the hadronic matrix element between the initial
and final state can be decomposed as
〈P (pP )|V µ|B(pB)〉 = F1(q2)
(
Pµ − m
2
B −m2P
q2
qµ
)
+ F0(q
2)
m2B −m2P
q2
qµ, (12)
where Pµ = pµB + p
µ
P . The F1(q
2) and F0(q
2) depend only on qµ ≡ pµB − pµP , the
momentum transferred to the lepton pair. In the approximation where the leptons
are massless, only F1(q
2) enters the partial decay rate:
dΓ(B → pi`ν¯`)
dq2
=
G2F |ppi|3
24pi3
|Vub|2|F1(q2)|2, (13)
where ppi is the pion momentum in the B meson rest frame. For the results with
massive leptons and various angular distributions, see Ref.54
A great advantage in the study of B decays is that the mass mb of the b-quark
is large compared to the QCD hadronic scale Λ and therefore approximations and
techniques of heavy quark effective theory can be used. Moreover in the large recoil
region, the energy of the pi is also large compared to Λ and thus simplifications of
8form factors can be achieved in soft-collinear effective theory (SCET).55–58 Despite
the factorisation property can be proved, non-perturbative theoretical predictions
for form factors are usually confined to limited regions of q2.
Lattice calculations have been performed in the kinematic region where the out-
going light hadron carries little energy. The first lattice determinations of F1(q
2)
based on unquenched simulations have been obtained by the Fermilab/MILC collab-
oration49 and the HPQCD collaboration,50 and they are in substantial agreement.
In Ref.,49 the b-quark is simulated by using the so-called Fermilab heavy-quark
method, while the dependence of the form factor from q2 is parameterized according
to the z-expansion.59–61 In Ref.,50 the b-quark is simulated by using nonrelativistic
QCD and the BK parameterization62 is extensively used for the q2 dependence.
Recent results are also available on a fine lattice (lattice spacing a ∼ 0.04 fm)
in the quenched approximations by the QCDSF collaboration.51 Preliminary re-
sults from unquenched Lattice QCD simulation by the FNAL/MILC collaboration
can be found in Ref.52 Based on the 2 + 1 flavour domain-wall fermion and Iwasaki
gauge-field ensembles generated by the RBC/UKQCD collaboration, Ref.53 has also
updated the B → pi form factors.
As a reconciliation of the original QCD sum rule approach63,64 and the appli-
cation of perturbation theory to hard processes, LCSR exhibit several advantages
in the calculation of quantities like meson form factors.65–69 In the hard scatter-
ing region the light-cone operator product expansion (OPE) is applicable, based on
which form factors are expressed as a convolution of light-cone distribution ampli-
tudes (LCDA) with a perturbatively calculable hard kernel. Leading twist and a few
sub-leading twist LCDA are dominant. Contributions corresponding to higher twist
and/or higher multiplicity pion distribution amplitudes are suppressed by powers
of 1/mb allowing one to truncate the expansion after a few low twist contributions.
Latest experimental data on B → pi`ν¯` decays come from BaBar32 and Belle.33
The measured differential decay rates can be fit at low and high q2 according to
LCSR and lattice QCD approaches, respectively. A simultaneous fit to LQCD results
has been performed by the two collaborations, which lead to
|Vub| =
{
(3.52± 0.29)× 10−3 Belle
(3.25± 0.31)× 10−3 Babar , (14)
where errors are the combined experimental and theoretical uncertainty. Both values
are consistent with previous results, but the Belle result has a higher central value
by about 1σ.
2.3. Other Semi-Leptonic B decay modes
If the hadronic final state is a vector meson V , both vector and axial currents
contribute to the B → V `ν¯`
〈V (pV , )|V µ|B(pB)〉 = − 2V (q
2)
mB +mV
µνρσ∗νpBρpV σ, (15)
9〈V (pV , )|Aµ|B(pB)〉 = 2imVA0(q2)
∗ · q
q2
qµ + i(mB +mV )A1(q
2)
[
∗µ −
∗ · q
q2
qµ
]
−iA2(q2) 
∗ · q
mB +mV
[
Pµ − m
2
B −m2V
q2
qµ
]
, (16)
where εµσνρ is the Levi-Civita tensor with the convention 
0123 = 1, µ is the vector
polarization vector and P = pµB+p
µ
V . Here the momentum transferred to the lepton
pair is qµ ≡ pµB − pµV . The differential decay width of B → P1P2`ν¯` including the
resonating contribution from B → V `ν¯` can be found in Ref.54
Recently, BaBar and Belle collaborations have reported significantly improved
branching ratios of other heavy-to-light semileptonic decays, that reflects on in-
creased precision for |Vub| values inferred by these decays. These channels include
the B → ρ`ν¯`,33 B → ω`ν¯`32,33,70 and B → η(′)`ν`.32 For the B → ρ and B → ω
form factors, Belle33 has used LCSR71 and LQCD from UKQCD collaboration,72
and the extracted |Vub| is in agreement with the ones from B → pi`ν¯`. Babar mea-
surement of the B → ω`ν¯` used LCSR form factors71 and obtained similar values.32
The experimental data onB → η(′)`ν¯`32 are consistent with theoretical predictions
in Refs.,73,74 but no result on |Vub| is extracted.
Apart from the observed processes, new channels that are able to extract |Vub|
and thus can reduce statistical and systematic uncertainties also deserve theoretical
and experimental investigations in future. The B
0
s → K+`−ν¯ and B
0
s → K∗+`−ν¯
decays are of this type and have been studied using the state-of-the-art knowledge
of form factors in Ref.;54 those include not only the recent LQCD calculation75 and
the LCSR,71 but also various sets of calculations from the factorisation approach47
and QCD-inspired models.76–79
The baryonic Λb → p matrix elements of the vector and axial vector b → u
currents are parametrized in terms of six independent form factors. At leading-order
in 1/mb, which becomes exact in the limit mb →∞ and is a good approximation at
the physical value of mb, only two independent form factors remain, and the matrix
element with arbitrary Dirac matrix Γ in the current can be written as80–82
〈p(p′, s′)| u¯Γb |Λb(v, s)〉 = up(p′, s′) [F1 + /v F2] Γ uΛb(v, s). (17)
Here, v is the four-velocity of the Λb baryon, and the form factors F1, F2 are
functions of p′ · v, the energy of the proton in the Λb rest frame. Note that in
leading-order SCET, which applies in the limit of large p′ · v, the form factor F2
vanishes.83–85 Calculations of the Λb → p form factors have been performed using
light-front quark model,86 QCD sum rules87,88 and LCSR,89–92 and LQCD.93 We
shall wait for the future experimental measurements from LHC and SuperB factories
which will make this decay mode also useful to extract the |Vub|.
2.4. Purely leptonic decays
In the absence of NP, B− → `−ν¯` decays are simple tree-level decays, where the two
quarks in the initial state, b and u¯, annihilate to a W− boson. They are particularly
10
sensitive to physics beyond the SM, since a new particle, for example a charged
Higgs boson, may lead the decay taking the place of the W− boson. In the SM, the
B(B− → τ−ν¯τ ) is given as
B(B− → τ−ν¯τ ) = G
2
FmBm
2
τ
8pi
(
1− m
2
τ
m2B
)2
f2B |Vub|2τB , (18)
and its measurement can provide a direct experimental determination of the product
fB |Vub|. See Ref.94 for a recent review on B decays into a τ -lepton.
Experimentally, it is challenging to identify the B− → τ−ν¯τ decay because it
involves more than one neutrino in the final state and therefore cannot be kine-
matically constrained. This can be measured in Υ(4S) decays, where one of the B
mesons from the Υ(4S) can be tagged in hadronic and semileptonic final states. One
then compares properties of the remaining particles to those expected for signal and
background. The B− → τ−ν¯τ was first observed by Belle in 2006,95 and the new
average has combined the results from BaBar96,97 and Belle:98,99
B(B− → τ−ν¯τ ) = (1.14± 0.23)× 10−4. (19)
RBCUKQCD
ALPHA
ETM
HPQCD
FNALMILC
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150 160 170 180 190 200 210 220
Fig. 6. Decay constant fB (in units of MeV) from recent Lattice QCD simulations:
FNAL/MILC,100 HPQCD,101 ETM with twisted -mass,102 ALPHA,103 RBC/UKQCD.104
The extraction of |Vub| relies on the decay constant fB , and recent LQCD simula-
tions include FNAL/MILC,100 HPQCD,101 ETM with twisted -mass,102 ALPHA,103
RBC/UKQCD.104 Based on these results that are collected in Fig. 6 and assuming
the errors are independent, we obtain an average
fB = (191.6± 4.4)MeV, (20)
which corresponds to
|Vub| = (4.2± 0.4± 0.1)× 10−3. (21)
The first errors come from the B(B− → τ−ν¯τ ) as shown in Eq. (19) and the second
ones are from fB . This value seems to be more consistent with the result from the
inclusive b→ u`ν¯ decay mode.
11
It is worthwhile to point out that compared to the averaged branching fraction
in Eq. (19), the recent Belle measurement has a lower central value
B(B− → τ−ν¯τ ) = (0.72+0.27−0.25 ± 0.11)× 10−4. (22)
This corresponds to a smaller |Vub| with a larger uncertainty. Future measurements
of B(B− → τ−ν¯τ ) will be of great value to make clarifications.
2.5. Theoretical developments on multi-body semileptonic B decays
The B → ρ`ν¯ and Bs → K∗`ν¯ reactions receive a complexity due to the large width
of ρ (about 150 MeV) and K∗ (about 50 MeV). As both ρ and K∗ decay into two
pseudo-scalars, these processes are quasi-four-body decays, and in principle other
resonant and nonresonant states may contribute in the same final state and thereby
the |Vub| extraction is contaminated.
m2 h
ml
sl + s2 h =mB
sl
s2 h
ΧPT
pQCD
Fig. 7. A sketch of the phase space in the B → P1P2`ν¯. √sl is the lepton pair invariant mass,
while
√
s2h is the invariant mass of the two hadrons. When the two hadron has a small invariant
mass, the interaction is strong and can be described by the chiral perturbation theory. If one or
two hadrons in the final state move fast, the hard scattering amplitude can be calculated in QCD.
A general formalism has been developed to incorporate various partial-wave con-
tributions54 (similar with the B → K∗J(→ Kpi)`+`− case105–114 and see also115–118),
through which branching fractions, forward-backward asymmetries and polarisa-
tions can be projected out. It is worthwhile to stress that the S-wave, whose effects
are not negligible, can not be expressed in terms of a Breit-Wigner formula, espe-
cially for the broad scalar meson κ ≡ K∗0 (800) and σ ≡ f0(600). This broad nature
is also stressed from the Roy-Steiner representations of the piK scattering.119,120
The kinematics of the B → P1P2`ν¯` is shown in Fig. 7. In this figure the √sl
is the lepton pair invariant mass, while the
√
s2h is the invariant mass of the two
12
hadrons. When the invariant mass of the two hadron is small for instance below
1GeV, chiral perturbation theory (χPT) is applicable to handle their interactions.
When one or two hadrons move fast in the final state, there is a large momentum
transfer and thus QCD perturbation theory can be used to calculate the transition.
Using B → Kpi as the explicit example, the matrix elements
〈(Kpi)S |s¯γµγ5b|B〉 = −i
mKpi
{[
Pµ − m
2
B −m2Kpi
q2
qµ
]
FB→Kpi1 (m2Kpi, q2)
+
m2B −m2Kpi
q2
qµFB→Kpi0 (m2Kpi, q2)
}
,
〈(Kpi)S |s¯σµνqνγ5b|B〉 = −F
B→Kpi
T (m
2
Kpi, q
2)
mKpi(mB +mKpi)
[
q2Pµ − (m2B −m2Kpi)qµ
]
, (23)
define the S-wave generalized form factors Fi54,107,121 and project out the S-wave
contributions. Here, P = pB + pKpi and q = pB − pKpi.
Fig. 8. In the elastic region, the imaginary part (discontinuity) of a form factor (left panel) comes
from the one loop diagram shown in the right panel, guaranteed by the Watson’s theorem
To avoid the finite-width problem, we will make use of Watson’s theorem122
which allows a reliable description in terms of scalar form factors. As depicted in
Fig. 8, Watson’s theorem implies that phases measured in the Kpi elastic scattering
and in a decay channel where the Kpi system decouple with other hadrons are equal
(modulo pi radians). This leads to
〈(Kpi)S |s¯Γb|B〉 ∝ FKpi(m2Kpi), (24)
where the strangeness-changing scalar Kpi form factors.
The Kpi scattering is strictly elastic below the K+3pi threshold, about 911 MeV.
Inelastic contributions in the Kpi scattering comes from the K + 3pi or Kη(
′). In
the region from 911 MeV to 1 GeV, the K + 3pi channel has a limited phase space,
and thus is generically suppressed. Moreover, as a case-dependent study, it has been
demonstrated states with two additional pions will not give sizeable contributions
to physical observables.123 The Kη(
′) coupled-channel effects can be included in the
unitarized approach of χPT.124–137 We quote recently updated results from Ref.107
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Fig. 9. Scalar Kpi form factors calculated in unitarized χPT approach. Solid, dashed and dotted
lines correspond to the magnitude, the real and imaginary part, in order.
in Fig. 9. Solid, dashed and dotted lines correspond to the magnitude, the real and
imaginary part, in order.
For the pipi and KK¯ channel, the coupled channel effects should be taken into
account, and moreover the standard χPT may fail to describe the KK¯ system as the
involved invariant mass is close to 1 GeV. It has been proposed that the unitarized
approach which can sum higher order corrections and extend the applicability to
energy around 1 GeV. A sketch of the resummation scheme is shown in Fig. 10.
Here, T denotes the total scattering amplitude, V is the leading order amplitude
and G is the loop integral. For detailed discussions on these form factors, we refer
the reader to Ref.127,130 The generalisation to the P-wave case is under progress.138
Once these quantities are available, they can be used in the study of charmless
three-body B decays.139–150
+= +VT V
V + ...V VGGG
Fig. 10. Sketch of the resummation scheme in the unitarized approach. Here, T denotes the total
scattering amplitude, V is the leading order amplitude and G is the loop integral.
In the large recoil region, the Kpi system with invariant mass below 1 GeV moves
very fast and therefore can be treated as a light hadron. As shown later this system
has similar LCDA with the ones for a light hadron. The transition matrix elements
for B → Kpi may be factorized in the same way as the ordinary B-to-light ones. At
14
the leading power, the form factors obey factorization:121
Fi = Ciξ(q2) + ∆Fi, (25)
where Ci are the short-distance and calculable functions, and ξ is a universal soft
form factor derived from the heavy quark mb → ∞ and large energy E → ∞
limit.151 Symmetry breaking terms, starting at order αs, can be encoded into ∆Fi,
and expressed as a convolution in terms of the LCDA.58,152–155
In Ref.,121 LCSR has been chosen to calculate the Fi. The calculation is based on
the expansion of the T-product in the correlation function near the light-cone, which
produces matrix elements of non-local quark-gluon operators. These quantities are
in terms of the generalized LCDA of increasing twist:156–159
〈(Kpi)S |s¯(x)Γd(0)|0〉, (26)
with Γ being a Dirac matrix. Higher-order calculation will request the gluonic
LCDA, whose contribution is shown in Fig. 5. Based on the perturbative calcu-
lation in Ref.,74,160,161 there is no endpoint singularity and one may directly adopt
the collinear factorisation scheme.
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Fig. 11. The dependence of F¯1 (left panel) and the ratio of continuum and total contributions
(right panel) on the Borel parameter. Solid lines denote the central value while dashed curves
correspond to variations of threshold parameter: s0 = (34 ± 2)GeV2. Results for F¯1 are stable
when M2 > 6 GeV2, while the continuum contribution is mostly smaller than 30%.
For presentation, one can introduce121
Fi(q2,m2Kpi) = CX
m2K −m2pi
ms −mu mKpiFKpi(m
2
Kpi)F i(m
2
Kpi, q
2). (27)
The criteria in LCSR to find sets of parameters M2 (the Borel parameter) and
s0 (the continuum threshold) is that the resulting form factor does not depend
much on the precise values of these parameters; additionally both the continuum
15
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Fig. 12. The dependence of F¯1 on the squared momentum transfer q2 and the two-hadron invari-
ant mass square m2Kpi .
contribution and the higher power corrections, arising from the neglected higher
twist LCDA, should not be significant. The s0 is to separate the ground state from
higher mass contributions, and thus shall be below the next known resonance, in
this case, B1 with J
P = 1+. Thus approximately this parameter should be close to
33 GeV2.9 Studies of ordinary heavy-to-light form factors in LCSR, see for instance
Ref.,71 suggested a similar result, ranging from 33 GeV2 to 36 GeV2, while some
bigger values are derived in the recent update of B → pi form factor in LCSR.36
Numerical results for the auxiliary function F 1 at the Kpi threshold mKpi =
mK + mpi are given in Fig. 11, where the dependence of the form factor F¯1 (left
panel) and the continuum/total ratio (right panel) on the Borel parameter are
shown. The continuum contribution to the form factors is obtained by invoking
the quark-hadron duality above the threshold s0 and calculating the correlation
function on QCD side. Solid lines denote the central value while dashed curves
correspond to variations of threshold parameter: s0 = (34 ± 2)GeV2. From this
figure, we can see that results for F¯1 are stable when M
2 > 6 GeV2, and meanwhile
the continuum contribution is typically smaller than 30%. Unfortunately, due to
the lack of knowledge on the 3-particle twist-3 and higher twist generalized LCDA,
their contributions have been neglected.
The dependence on the squared invariant mass of theKpi system and the squared
16
momentum transfer q2 is shown in Fig. 12 with the value M2 = 8GeV2.
B
B B∗
B/B∗
B B∗
B B
Fig. 13. At the low recoil where all pseudo-Goldstone bosons are having small momentum, the
LO Feynman diagrams for the B → pipi`ν¯ at hadron level are shown. Solid lines and dashed lines
represent the heavy mesons and pseudo-Goldstone bosons, respectively. Shaded square denotes an
insertion of the weak current.
In Ref.162 the form factors for the B → pipi system are explored in dispersion
theory and heavy meson χPT at low recoil, following the technique employed in
Ref.116 At hadron level, Feynman diagrams have been shown in Fig. 13. Solid lines
and dashed lines represent heavy mesons and pseudo-Goldstone bosons, respectively.
Shaded square denotes an insertion of the weak current. This analysis has taken into
account the pi − pi rescattering effects, as well as the effect of the ρ meson.
3. γ
β is extracted from the golden mode B → J/ψKS , which is dominated by the
b → cc¯s transition. Penguin contaminations in this mode are found to be O(10−3)
(see Ref.163 for a recent discussion). In the case of α, penguins pollutions in B →
(pi, ρ, a1)pi and B → ρρ may be sizeable.9 The inclusion of isospin related processes,
however some of which have small branching ratios, may refine the analysis.
The angle γ ≡ arg(−VudV ∗ub/(VcdV ∗cb)) is the relative weak phase of decays
induced by the b → cu¯s and b → uc¯s transitions. It can be extracted from
tree-dominated modes B → DK164–168 whose Feynman diagrams are depicted in
Fig. 14. The GLW method164,165 uses the fact that the six decay amplitudes of
B± → (D0, D¯0, D0CP )K± form two triangles in the complex plane, graphically rep-
resenting
√
2A(B+ → D0±K+) = A(B+ → D0K+)±A(B+ → D¯0K+),√
2A(B− → D0±K−) = A(B− → D0K−)±A(B− → D¯0K−), (28)
where the convention CP |D0〉 = |D¯0〉 has been used and D0+(D0−) is the CP even
(odd) eigenstate. Measurements of the six decay rates will fully determine the sides
17
and apexes of the two triangles, in particular the relative phase between A(B− →
D¯0K−) and A(B+ → D0K+) is 2γ.
Vcb
V ∗us
B− B−
Vub
V ∗cs
K−
D0
D¯0
K−
Fig. 14. Feynman diagrams for B → DK that can be used to extract the γ angle.
3.1. CP violation effects and errors in B → DK
Since the identities in Eq. (28) holds irrespective of the strong phase in the decay,
this method is free of hadronic uncertainties and is believed theoretically clean. Thus
the measurement of γ provides a benchmark of extraction of the CKM parameters.
However the GLW method is based on the neglect of the direct CP asymmetry
in D0 and D¯0 decays. For instance the K+K− and pi+pi− final states can project out
the same D0+. One of the most exciting measurements by LHCb collaboration,
169
confirmed by CDF170 and Belle171 collaborations, was CP violation in charm sector.
These three collaborations have found nonzero difference of CP asymmetries (CPAs)
which are much larger than SM expectation. The direct CP violation of D0 decays
was extracted as13
∆AdirCP = (−0.678± 0.147)%. (29)
However this large value is not confirmed in later analysis by LHCb collaboration172
and the new average is13
∆AdirCP = (−0.329± 0.121)%. (30)
Though the new result in Eq. (30) has a smaller central value, the CPA in D
decays may play an important role in measuring the γ173–176 ( see also Ref.177,178).
Physical observables are given as
RK+ = 2
B(B− → D0+K−) + B(B+ → D0+K+)
B(B− → D0K−) + B(B+ → D¯0K+)
= 1 + (rKB )
2 +
2rKB cos δB [(1 + (r
f
D)
2) cos γ + 2rfD cos δ
f
D]
1 + (rfD)
2 + 2rfD cos γ cos δ
f
D
,
≡ 1 + (rKB )2 + 2rKB cos δKB cos γeff , (31)
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Fig. 15. Effect of CP violation on the extraction of γ via the RK+ . The sold (black), dashed(blue),
and dotted (red) lines correspond to rfD=0.002, 0.004 and 0.006 respectively. The shadowed region
corresponds to AK
+K−
CP = (−0.34± 0.07)% (left) and AK
+K−
CP = (−0.16± 0.06)% (right).
AK+ =
B(B− → D0+K−)− B(B+ → D0+K+)
B(B− → D0+K−) + B(B+ → D0+K+)
=
1
RK+
[
(1− (rKB )2)AdirCP (D0 → f) +
2rKB (1 + (r
f
D)
2) sin δKB sin γ
1 + (rfD)
2 + 2rfD cos δ
f
D cos γ
]
≡ 2rKB sin δKB sin γeff/RK+ , (32)
where the last lines in the above equations correspond to the case with no CPA. rfD is
the ratio of penguin and tree amplitudes in D → f decays, with f = K+K−, pi+pi−.
γ and δfD is the weak phase difference and strong phase difference respectively. These
two equations explicitly show the CPA effects on experimental observables.
The AK+ in Eq. (32) receives new contributions proportional to the direct CPA
in D decays. Neglecting terms suppressed by O(rfD), the dominant correction to
sin γ is proportional to AdirCP (D
0 → f)/(2rKB sin δB). The value for γ obtained from
K+K− final state and the one from pi+pi− final states can differ by 3◦. Fortunately
such effects can be incorporated once the data on the direct CPA is available.
The effects on RK+ are shown in Fig. 15. The sold (black), dashed(blue), and
dotted (red) lines correspond to rfD=0.002, 0.004 and 0.006 respectively. The shad-
owed region is the CPA for D0 → K+K− from the experimental data: AK+K−CP =
(−0.34 ± 0.07)% (left) and AK+K−CP = (−0.16 ± 0.06)% (right), where the U-spin
symmetry has been assumed for the CP asymmetry AK
+K−
CP = −Api
+pi−
CP = ∆ACP /2.
Recent theoretical works179,180 have investigated other errors to the γ angle and
found that these uncertainties are tiny.
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Fig. 16. Recent experimental data on the γ angle vs indirect determination via global fits
3.2. Experimental results
Latest experimental measurements by Belle181 and BaBar182 collaborations are
given as
γ = (68+15−14)
◦, Belle
γ = (69+17−16)
◦. BaBar (33)
Recently a combination of three LHCb measurements of the CKM angle γ has been
presented183
γ = (72.0+14.7−15.6)
◦. LHCb (34)
These results, all of which are consistent with each other, are displayed in Fig. 16, in
which we have also shown the global fitting results from CKMfitter10 and UTfit.11
3.3. B decays into a scalar/tesnor state
In the GLW method, the shape of the two triangles formed by decay amplitudes is
governed by two quantities
rKB ≡
∣∣A(B− → D¯0K−)/A(B− → D0K−)∣∣ ,
δKB ≡ arg
[
eiγA(B− → D¯0K−)/A(B− → D0K−)] ,
with the world averages from the CKMfitter10
rKB = 0.0956
+0.0062
−0.0064, δ
K
B = (114.8
+9.0
−9.7)
◦. (35)
The smallness of rKB implies the mild sensitivity to γ and thereby the two trian-
gles formed by decay amplitudes are very squashed. RKCP± and A
K
CP± have a mild
sensitivity to the angle γ, inducing large experimental uncertainties.
It has been shown in Ref.184,185 (see also186,187) that the low sensitivity prob-
lem can be highly improved in B± → DK∗±0,2 due to rK∗0,2 ∼ 1, where K∗0,2 is a
scalar/tensor strange meson. This meson can also be replaced by the Kpi state with
the same quantum numbers. Though the color-allowed diagram has a large Wilson
coefficient a1 ∼ 1, the emitted K∗0,2 meson is produced from a local vector or axial-
vector current (at the lowest order in αs), whose matrix element between the QCD
vacuum and the K∗0 (K
∗
2 ) state is small (identically zero). Due to this suppression,
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Fig. 17. The dependence of RCP and ACP on γ. Diagrams (a)-(d) show R
K∗0
CP and A
K∗0
CP in S1,
(e)-(h) in S2, and diagrams (i)-(l) show R
K∗2
CP and A
K∗2
CP . The shadowed (green) region denotes the
current bounds on γ = (68+10−11)
◦ from a combined analysis of B± → DK±,10 and the vertical
(red) line represents the central value.
the color-allowed amplitude can be comparable to the color-suppressed one. This
has been validated by explicit pQCD calculations,188–191 using scalar and tensor
meson LCDA.192–198 Physical observables are defined by:
RKJCP± = 2
B(B− → DCP±K−J ) + B(B+ → DCP±K+J )
B(B− → D0K−J ) + B(B+ → D¯0K+J )
= 1 + (rKJB )
2 ± 2rKJB cos δKJB cos γ,
AKJCP± =
B(B− → DCP±K−J )− B(B+ → DCP±K+J )
B(B− → DCP±K−J ) + B(B+ → DCP±K+J )
= ±2rKJB sin δKJB sin γ/RKJCP±.
The dependence of RCP and ACP on γ is shown in Fig. 17. Diagrams (a)-(d)
show R
K∗0
CP and A
K∗0
CP in first scenario for the structure of scalar mesons, (e)-(h) in
second scenario, and diagrams (i)-(l) show R
K∗2
CP and A
K∗2
CP . The shadowed (green)
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region denotes the current bounds on γ = (68+10−11)
◦ from a combined analysis of
B± → DK±,10 and the vertical (red) line represents the central value.
Properties of useful B decay channels into a scalar/tensor meson towards the
extraction of the CKM angle γ are summarised in Tab. 1.
Table 1. Properties of useful B decay channels into a scalar/tensor meson towards the ex-
traction of the CKM angle γ. All these modes are expected to have larger rf , ratios of de-
cay amplitudes, compared to the corresponding channels in which the scalar/tensor meson
is replaced by a pseudo-scalar meson. Branching fractions and ratios of decay amplitudes of
B → DT are taken from the perturbative QCD calculation189 while the rest entries when
available are obtained in the factorization approximation.184
Channel CKM angle to access BRs for suppressed and allowed modes rf
B± → D±K∗0 γ [4× 10−6, 4× 10−5] 0.3
B± → D±K∗2 γ [3× 10−6, 3× 10−5] 0.3
B → D±a∓0 γ + 2β
B → D±a∓2 γ + 2β [2× 10−6, 4× 10−4] 0.1
Bs → D±s K∗∓0 γ + 2βs
Bs → D±s K∗∓2 γ + 2βs [2× 10−5, 2× 10−5] 1
Bs → Df0(980) γ + 2βs [1× 10−6, 3× 10−6] 0.5
Bs → Df ′2(1525) γ + 2βs [3× 10−6, 1.4× 10−5] 0.5
3.4. Three-body B decays
It has been proposed in Ref.199 (see also Ref.200,201) that the B → KK¯K and
B → Kpipi can be used to extract the CKM angle γ. These channels are related by
the SU(3) symmetry and therefore the extracted result will rely on the symmetry
breaking effects.
4. βs
In the SM, the non-vanishing phase in (bs) triangle is related to the Bs− B¯s mixing
phase. States of B0s or B¯
0
s at t = 0 can evolve in time and thus be mixed with each
other. These states at t will be denoted as Bs(t) and B¯s(t). Since both the B
0
s and
B¯0s can decay into the same final state for instance J/ψφ, there is an indirect CP
asymmetry between the rates of Bs(t)→ J/ψφ and B¯s(t)→ J/ψφ, quantified by
Im
[
q
p
A¯f
Af
]
. (36)
Here the Af and A¯f are the Bs and B¯s decay amplitudes which are dominated
by the b → cc¯s transition. Since the CKM factors VcbV ∗cs are real in the standard
parametrization of CKM, the indirect CPA defined in Eq. (36) measures the phase
of q/p: φs = −arg(q/p). The φs is tiny in SM, and in particular φs = −2βs =
−2arg[−VtsV ∗tb/(VcsV ∗cb)]:17
φs = (−0.036± 0.002) rad. (37)
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Any observation of a significant non-zero value would be a NP signal.
The φs extraction has benefited a lot from the Bs/B¯s → J/ψφ. Thanks to the
large amount of data sample collected by Tevatron and LHC experiments, the result
for φs is getting more and more precise.
14,202–205 Recently based on the 1.0fb−1 data
collected at 7 TeV in 2011, the LHCb collaboration gives206
φJ/ψφs = (0.07± 0.09± 0.01) rad, (38)
which is in agreement with the SM when errors are taken into account. In addition
new alternative channels are proposed and the Bs → J/ψf0(980) is powerful in
reducing the error.207,208 Since the f0(980) is a 0
++ scalar meson, the final state
J/ψf0 is a CP eigenstate and no angular decomposition is requested. Agreement on
branching fractions is found between theoretical calculation209–212 and experimental
measurements.213–215 The φs is extracted by the LHCb collaboration
206
φJ/ψf0s = (−0.14+0.17−0.16 ± 0.01) rad. (39)
The decay distributions can be derived using helicity amplitudes and for a de-
tailed discussion we refer the reader to Refs.216–220 In the presence of S-wave K+K−
the angular distribution for Bs → J/ψ(→ l+l−)φ(→ K+K−) at the time t of the
state that was a pure Bs at t = 0 is derived as
d4Γ(t)
dm2
KK¯
d cos θKd cos θldφ
=
10∑
k=1
hk(t)fk(θK , θl, φ), (40)
where the time-dependent functions hk(t) are given as
hk(t) =
3
4pi
e−Γt
{
ak cosh
∆Γt
2
+ bk sinh
∆Γt
2
+ ck cos(∆mt) + dk sin(∆mt)
}
.(41)
Here ∆m = mH −mL, ∆Γ = ΓL − ΓH , and Γ = (ΓL + ΓH)/2. For the state that
was a B¯s at t = 0, the signs in front of ck and dk should be reversed. Explicit results
for these coefficients are given for instance in Ref.220
On the theoretical side, although decays of the Bs/B
0
s meson into J/ψ(φ/f0)
are mainly governed by the b→ cc¯s transition at the quark level, there are penguin
contributions with non-vanishing different weak phases. Thus the indirect CPA can
be moved away from the φs. Intuitively penguin contribution is expected to be small
in the SM, but a complete and reliable estimate of its effects by some QCD-inspired
approach is requested. Such estimate will become mandatory soon. As a reference,
after the upgrade of LHC the error can be diminished to ∆φs ∼ 0.008.14
Ref.220 has attempted to estimate the penguin contributions in the B → J/ψV
decays and explore the impact to the CPA measurement, following the calculation
in Ref.163,221–223 Instead of using the flavor SU(3) symmetry to relate the effects in
Bs → J/ψφ and the counterpart of B decay modes,224,225 the pQCD approach has
been used to directly compute both tree amplitudes and penguin amplitudes. Apart
from LO contributions, NLO order corrections in αs have been included, which are
sizeable especially to penguin contributions.
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The mixing phase is given as
φeffs = −arg
[
q
p
A¯αf
Aαf
]
= φs + ∆φs, (42)
where α denotes three polarization configurations L, ‖, and ⊥, and Aαf (A¯αf ) stands
for the decay amplitude of Bs → J/ψφ(B¯s → J/ψφ), which can be decomposed
into225
Aαf (Bs → J/ψφ) = V ∗cbVcs(Tαc + Pαc + Pαt ) + V ∗ubVus(Pαu + Pαt ). (43)
Here, the unitarity relation V ∗tbVts = −V ∗cbVcs−V ∗ubVus for the CKM matrix elements
has been used. The tree amplitude Tαc is dominant to B(Bs → J/ψφ), while Pαc ,
Pαu , and P
α
t are penguin pollutions. The u-quark and c-quark penguin were not
included in Ref.220 Then the charge conjugation amplitude for Bs → J/ψφ decay is
A¯αf (B¯s → J/ψφ) = VcbV ∗cs(Tαc + Pαc + Pαt ) + VubV ∗us(Pαu + Pαt ) . (44)
For simplicity, one can introduce the ratio
afe
iδf+iγ ≡ V
∗
ubVus(P
α
u + P
α
t )
V ∗cbVcs(Tαc + Pαc + P
α
t )
, (45)
which leads to
A¯αf
Aαf
=
1 + afe
iδf−iγ
1 + afeiδf+iγ
' 1− 2iaf cos δf sin γ, (46)
and the phase shift:
∆φs ' arcsin(2af cos δf sin γ). (47)
With the inclusion of various parametric errors, the quantity ∆φs from the
pQCD calculation is predicted as follows220
∆φs(L) ≈ 0.96+0.04−0.03(ωB)+0.02−0.00(fM )+0.01−0.01(ai)+0.03−0.02(mc) [0.96+0.05−0.04]× 10−3 ;
∆φs(‖) ≈ 0.84+0.02−0.02(ωB)+0.00−0.00(fM )+0.01−0.01(ai)+0.00−0.01(mc) [0.84+0.02−0.02]× 10−3 ;
∆φs(⊥) ≈ 0.80+0.01−0.01(ωB)+0.00−0.00(fM )+0.01−0.01(ai)+0.00−0.02(mc) [0.80+0.01−0.02]× 10−3 . (48)
The values as given in the parentheses have been added in quadrature.
Thanks to the large amount of data sample, the LHCb experiment is able to
perform an analysis of the angular distribution of Bs → J/ψφ. Predictions for the
P-wave coefficients (in units of 10−3) are as follows:
fk ∆ak ∆bk ∆ck ∆dk
c2Ks
2
l 0.28 0.32 −0.3 1.0
s2K(1−c2φc2)l
2 −0.83 1.52 0.84 −1.0
s2K(1−s2φc2)l
2 −1.1 −1.8 1.2 1.1
s2Ks
2
l sφcφ −0.1 1.1 6.4 1.0√
2sKcKslclcφ −1.0 1.0 0.3 0.03√
2sKcKslclsφ 1.1 −0.02 −44 −1.4
.
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Most of the results for the other coefficients are of order 10−3. The other four angular
coefficients are the S-wave and the interference terms. The study of them requests
the calculation of Bs → J/ψ(K+K−)S , presumably dominated by the f0(980).
Though these results should be taken with caution as only part of the known
NLO contributions is included, the deviation is found to be of O(10−3), and it
may provide an important SM reference for verifying the existing NP from the
Bs → J/ψφ data.
5. Summary and Outlook
Up to this date, the CKM mechanism continues to give a consistent explanation of
most available data on the flavor observables and CP violation with an incredible
accuracy. This great success, together with the observation of Higgs boson consistent
with the SM,226,227 implies that the NP effects should be tiny and renders the
precision predictions for the involved quantities particularly important.
Despite the success, there are still unsatisfactory in this mechanism and thus
perhaps some room for NP. In this review, we have focused on the heavy flavour
sector and have discussed three quantities of the CKM matrix in order to give an
idea of the current status of the field. These quantities are quite uncertain at this
stage.
• The |Vub| can be extracted from inclusive and exclusive semileptonic B
decays. Deviations are found in the two determinations but the significance,
at about 3σ level, is still low.
• The angle γ has the largest error, about 10◦, compared to the other two
CKM angles α, β. This is the main source of errors in the unitarity triangle
and currently does not allow us for a direct test of CKM unitarity.
• The Bs − B¯s mixing phase is predicted tiny in the SM. The current exper-
imental results are extracted from Bs → J/ψφ and Bs → J/ψf0(980).
Improving the knowledge on the CKM renders the precise theoretical predictions
and experimental measurements important. The reduction of experimental uncer-
tainties seems to have a promising prospect in near future, due to the large amount
of data sample (to be) collected at LHC14 and the forthcoming Super KEKB fac-
tory.16 So we are heading towards exciting times in CKM and flavour physics.
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